
sz|xyt}{wvu-�n�U'
�1(�)bH
��{1��[)B�qC�l�Y
fY�/l#:�}%�:!b�����Y�^K)�_��k��}��?*�l�^f�xl#:�6�l2'E\d�pI�K),(^lPMClsM�8�Y�!
}���#:YB��l��f�O4F��O4K),(6�f^y`��,(M��rM��U.J\b9f^y`�DH���f6�_�QÆ�[d^_r�D�*�,(6Xhf^�rM��U.J\��^b9f^~0o���ZO4F^Q�/f�3.w^�H�T�I�Z?*�"O4Fpkl#:YB/fY�%v}^l.KD�

� ����O4F^Q�/fu#�Q�xB}�&%�UZoY���{PT=v^YB
O4F/f)�KE�Z'� \F(�T64�e:���YT^#:�}9KT�fY�} ”,��}}�lX(f6Y��"E>h4n&2-��QR�i



}7�/L[-Bp.�%}��k�D��}!T�}�q)2=/7}�h�AU�fÆl.�D�Y�^��Zf}#1"q)2=}^O4FKE�Z�℄r(�l2da}9T�fY�} ”,�$�fQJ\�^_r�

�
� (1910-1985)l2da}��"l2da�rp,(Gs^�}�DlX(6Y�UÆe�_lo^�rRhY�6(���}�pkGs:YB
min
x∈ℜn

f(x) (1)^iS}

xk+1 = xk + αk(−∇f(xk)) ,bU αk > 0�/6� αk ^��L"^�s��℄K),( f(x)u�Q^s��}�{ αk = α∗ 8jwy/7E\


f(xk − α∗∇f(xk)) = min
α>0

f(xk − α∇f(xk)) .



D}�wy/7d^�r}�F59Tl2da}�*B����l2da}��O=^�}���}8"^�r�l-^��,(a℄l���/6��l-^�{,(6/7�r�ls��U��l2da}.r.���l-^�}�~Y���23^�}�dK�"l2da}pk min f(x, y) = 100x2 + y2LA�f (1, 100)��iS^hzÆ�iSf
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Steepest descent with exact line search
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u(�dK�" Barzilai-Borwein �}pk min f(x, y) = 100x2 + y2 LA�f (1, 100)��iS^*h
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Steepest descent with Barzilai−Borwein Step
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1974), Magnus Hestenes(1906-1991)/ Eduard Stiefel(1909-1978)`AB�



Cronelius Lanczos Magnus Hestenes Eduard Stiefel�r�r}^E!,o���� N UYBa:T N ��UYB��}^![��8�k##�r^�r�kC^���r�r��$�J/7�r/Xhf^�r�rKk1�Z/4

dk+1 = −∇f(xk+1) + βkdk..G^ βk ZQ.G^�k}�r�r}�\F^�}%
Hestenes-

Stiefel �}� Fletcher-Reeves �}� Polak-Ribiére-Polyak �}/ Dai-

Yuan �}�bu!^ βk ^�s�+T

βHS

k =(gk+1 − gk)
Tgk+1/d

T
k (gk+1 − gk) ,

βFR
k =‖gk+1‖

2
2/‖gk‖

2
2 ,

βPRP
k =(gk+1 − gk)

Tgk+1/‖gk‖
2
2 ,

βDY
k =‖gk+1‖

2
2/d

T
k (gk+1 − gk).fz���B�D-�.G^ βk �F)#��f/#��J^k1�℄[�D�Z?^��db�
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{;%�PLnp"^�}bE!,ox�5YT�:.qk/7�}M�ep/7�rz4p/6�x�<JiS6��q+P�K?[��-^f	�q+9Ty�+�F5��XhiSfTUx^��s(+	�=fRR�p�.#:YB^I�t.YB6y�+^k	�=fpB4�"I�^W,(�[t:���� g"Td��iSf	�=f^-;< "��l�0hiy�+	M1d*��(�=ff-�9y�+�>.'C�P��9_6s	H�^e
#3y�+��RR�A[pkpk�k}lsz;YB min ||F (x)||22 ^ Levenberg-Marquadt �}��T Levenberg-

Marquardt /
dk = −(J(xk)J(xk)

T + λkI)−1F (xk)�k}:lsz;YB
min ||F (xk) + J(xk)d||

2
26I��y�+�^k�bU J(xk) = ∇F (xk) ��(;%y�+2'��YB^k}� Gauss-Newton/�'����Nt
 Gauss-

Newton}���2�Mg�̂ �}��T Carl Friedrich Gauss(1777-1855)/ Issac Newton(1642-1727)p�)�g86'^D$�
���	Æ��� ���~Æ���



Newton)#:^ b�lXw^�����p,(Gs minx∈ℜn f(x)^��E!�}}� Newton }�:^/7�r�

dN

k = −(∇2f(xk))
−1∇f(xk).Tv}���L5O=^�}�:.rYT�xm�"[ f(x) ^GsMf x∗ ^2r�5��6zh��E\d��IE:�% QzJ�"}


||xk + dN
k − x∗|| = O(||xk − x∗||2).U��=-^m^RR��S.�J^�6�Q!"U�?+�u(P%HYB�Tv}�;}"^�D��Tzh℄Z(�G ∇2f(xk)^O4$;P��P�![}O4�

1959SV^RTv (quasi-Newton)�}_Tv}U^zh℄Z(�G"��RTv�G�SD�%A%O4zh℄Z(�xmF)Z/~HRTvG��Q��}O[7k}�"� '>T���/�TpP�^ Trefethene!_RTv})%j,��2
��'=Js-`,'TzÆ�SlX�^O4�}K��X=#:l^-LW1�p6RTv}�B%��^�{� Fletcher / Powell!(RTv}^e�\X<^ SCI �"�7) 3100J�RTv}^.x}�_ Newton }^ ∇2f(xk) "��RTv�G
Bk SD�RTv�G8jRTv��


Bk+1sk = ykbU sk = xk+1 − xk, yk = ∇f(xk+1) −∇f(xk). e��Bh^RTv}� Davidon-Fletcher-Powell �}�bRTv�G~H��T
BDFP

k+1 = Bk −
Bksky

T
k + yks

T
k Bk

sT
k yk

+

(

1 +
sT

k Bksk

sT
k yk

)

yky
T
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sT
k yk

.



xKh��l-^RTv}� Broyden-Fletcher-Goldfarb-Shanno �}

BBFGS

k+1 = Bk −
Bksks

T
k Bk

sT
k Bksk

+
yky

T
k

sT
k yk
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Joseph Louis Lagrange (1736-1813)+��\F(�T� Lagrange /#:�%q�^ b�����?%2'E\^#:YB
min
x∈ℜn

f(x) (2)

s. t. ci(x) = 0, i = 1, 2, .., me; (3)



ci(x) ≥ 0, i = me + 1, ..., m. (4)l#k`W(O4 Lagrange,(
L(x, λ) = f(x) −

m
∑

i=1

λic(x)^f�

U'�S6 matlab K| z = x2 − y2

λi 9T Lagrange ;f�u!(.`�2'^ Lagrange ;f!����^� Lagrange ,(u#:^X�}.rCh6�8l#}E\��G�:6#:O4�}^�8�%�P^p"����\F^Z/zJ%9�} (SQP) }�E( Lagrange-Newton }{;�^����S#:^+��XPJ`�Pf}AB/z�k}%9�lYT^2'#:YB�:^)d|��d

min
x∈ℜn

cT x (5)

subject to Ax = b (6)

x ≥ 0 (7)



bU c ∈ ℜn, A ∈ ℜm×n, b ∈ ℜm. k}%96xN�'�`�wX�*+%e$�^!"�k}%9^gEC%#:er George

Dantzig(1914-2005)�W�y`B℄C Leonid Kantorovich (1912-1986)�/\F(�T John von Neumann(1903-1957)�

George Dantzig Leonid Kantorovich John von Neumann6L0��k}%9��kTpIwBCla^f� DantzigAB^pkk}%9^TF|} (Simplex Method) !T�}�<JLIwBC^��kfi[l(^���a^kfxZ/?[laf^�}�TF|}�%YT�L"`#f�G�:"�pkPw(k}%9YB���5�^�U�����8�f�℄TF|}i(IwBC^<�kf�(��JTF|}^	4r�N(^�
1984 S='�y���^�r(�T Karmarkar AB%���%wp�	4r^�}�Karmarkar �}^E!,o�LIwBC^P0x.qTF|M�6&l�uZ/	tl#k� Karmarkar�}��:��" Newton}pk log|,(^�}�����Kar-

markar�}%��2YT^G���2kC^L0k�����YT^�f�*ED�f�VlZ?���?�d|^lakf y.	Xhf��d|^Ux x �X��r� ~xz = −c. p�d|^Pl0/Mg0�LUxf x B{ÆX��rbPl0/Mg0�



+T w / z. $(Mg0�+�d|x�d|'�+Pl0�Z?}J\�r,( f(x) = cT x 8j f(z) ≤ f(y) ≤ f(w).

$(Pl0�z�Mg0�z^���xm f(x)�k},(�8�Z?%
f(x) − f(w) =

1

2
[f(x) − f(z)] ≥

1

2
[f(x) − f(y)] .�}�*�F)�JiS�L x[ w �Z?}��{K),([l#,(M^��6s���D�}2��℄[wp�	4r�)wr%!�̂ 4}�Xz�EH^ Karmarkar4};%M:YT�Z?O�"D��f�*E:^E!,o�D�Z?+��db�
%kYB^L0!Tu�8�u^O4�}��5%�℄^�Pf}6)u^zÆwS�L�Æ�|>^�{�r��w'Q\F�C��='
�11��='�<11��='U2P�

Courant�{8O4
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P�^=�e!�=' Minnesota P�^4Sve!�m�UXP�^=&Ue!`6D�'Q|>�{*+U�pB%JB^�i�tS�wz^#:�r��l%9�b#:`^[�pk�}p�Pf}�!(#:�\F^(�T Euler :*)
 “Für, da das Gewebe des
Universums am vollkommensten und die Arbeit eines klügsten ist Schöpfers,
nichts an findet im Universum statt, in dem irgendeine Richtlinie des Maxi-

mums oder des Minimums nicht erscheint” ($(*Yk:�lO=��lKE8℄[K4℄�*YXP℄pm�IWlPClsd9��D�Q�}�*#:[D.6�

Leonhard Euler(1707-1783)����6b9
��{*+U�wYB�&j(#:YB���
��U^lsX$�lP5X�j�l#`�n�U^lP���ls�g`�G
�U^ DNA �'�W�TAj`�y`
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tS��"!_^��YB�	6ÆJ (Compressive Sensing) ��yG`B℄C>B��='
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min
x∈ℜn

||x||0 (8)

s. t. Ax = b (9)bU ||x||0 �Nr$ x ^�),1^�(� A ∈ ℜm×n, b ∈ ℜm, xm
m ≪ n. $( ||x||0 �Ixm.!��YB (8)-(9) ^pk� NP O^�8�}?axpk L1 #:YB


min
x∈ℜn

||x||1 (10)

s. t. Ax = b, (11)�T L1 #:YB (10)-(11) ���I#:�%wp�4}�F(�T!x^�6�:E\d (8)-(9)/ (10)-(11)�`W^�xO4(�T�!_�0�2pkYB (10)-(11).G
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pk xk(k = 1, ..., n) ∈ ℜ3 �℄
||xi − xj ||2 = dij, (i, j) ∈ S. (12)D� dij ((i, j) ∈ S) ��l^���x S �I1 {(i, j)|i = 1, ..., n; j =

1, ..., n} ^��fI1���L0YB�&jTpk�k}lsz;
min

xk∈ℜ
3,k=1,...,n

∑

(i,j)∈S

(||xi − xj ||2 − dij ||2)
2



CC��#7#:
min

xk∈ℜ
3,k=1,...,n

∑

(i,j)∈S

| ‖xi − xj‖2 − dij |^w~lsf�C%6G
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